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Question 1

(@)

Using the variational principle, prove that a linear expansion of the form

where the |i) are a set of non-orthogonal basis functions, can be optimized to lead to
the following set of linear equations:

Hc = E(c)Sc,

where H; = (i|H|j) and S; = (i|j). Under what condition does this set of linear
equations have non-trivial solutions? [5 marks]

The Schrédinger equation (in atomic units) for a hydrogen atom in a uniform electric
field F in the z direction is

(—%Vz — 17 + Fr003(9)> |¢) = (Ho + Frcos(9))|¢) = E(F)|¢).

Use the trial wavefunction |@) = c;|1s) + c|2p,) where |1s) and |2p,) are normalized

eigenfunctions of Hy:
|1s \/je’

> 3
12p,) = \/Lre‘r/2 cos(f)
‘ 32r ’

to find an upper bound to E(F).

N | =

You may wish to use
/ r"e~"/3dr = a™'T'(n + 1).
0

[15 marks]

Assuming the field F is sufficiently small, expand the ground state in powers of F.
Compare this with E(F) = E(0) — %an + - - - to identify the polarizability «e. The exact
value of this polarizability if 4.5 a.u. Can we improve the variational expansion by
including the |2p,) and |2p,) states? Justify your answer. [5 marks]
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Question 2

(@) The Hellmann—Feynman theorem states that for an exact eigenstate |1)), the first-order
change in the energy due to a perturbation may be calculated as the expectation value
of the perturbation operator. That is, if H(a) = H + aV and if H(a)|1.) = E(a)|1,),
then

0E(a)
oJe

= ([V]¥).

a=0

Prove that this theorem also holds for variational wavefunctions of the form ¢ =
(e, G, - - -, Cy) Where ¢ are variational parameters. [15 marks]

(b) Now consider a Hamiltonian of the form

H(R)) ———sz > |r,—r,|

/>I
-3 DM
‘rI_RI| ’RI_RJ|

(i) By considering a Hamiltonian with displaced nuclear coordinates H(R, + «) use
the Hellmann—Feynman theorem to derive an expression for the forces on the
nuclei.

(i) Comment on the applicability of this expression for a variational wavefunction with
basis functions that are centered on the nuclei.

[10 marks]

Turn over
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Question 3

(a) Consider a minimal-basis description of the H, molecule using as basis functions the
1sa(r) and 1sg(r) atomic orbitals of the interacting atoms located at positions A and
B. Here 1sa(r) = 7'/ exp(—ra) and 1sg(r) = 7~ /2 exp(—rg), where rs = |r — A| and
rg = |r — B.
(i) Construct normalized symmetry-adapted atomic orbitals for H, and sketch them.

(il) Use these orbitals to construct all possible 2-electron molecular wavefunctions for
H,. Label these 2-electron wavefunctions according to whether they are of gerade
or ungerade symmetry. Which of these is the restricted Hartree—Fock (RHF) spin
singlet ground state wavefunction?

(i) The energy of a single determinant 2-electron state |W) = |x1x2) = [12) is given
by

E = (V|H|V) = (1]h|1) + (2|h|2) + (12]12) — (12|21).

where h is the one-electron Hamiltonian and (ij| k/) are two-electron integrals. Use
this result to work out the energy of the RHF ground-state wavefunction for Hs.

(iv) Derive the dissociation limit of this energy.
[10 marks]

(b) The configuration interaction (Cl) wavefunction for H, takes the form
"E5 (7)) = cos(r)[167) + sin(r)[105),

where T is a variational parameter.
(i) Explain why only these two configurations can mix.

(i) Determine the energy of the Cl state and, using the variational principle, determine
the value of 7 at which this energy attains its extrema.

(i) Show that, in the dissociation limit, the ground state of the Cl wavefunction is
found using 7o = —7 /4, hence find the corresponding energy.

(iv) By expressing this energy in the basis of 1sa(r) and 1sg(r) show that the Cl energy
correctly dissociates into the energy of two isolated hydrogen atoms.

[15 marks]
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Question 4

(a) Under uniform scaling of the electronic coordinates r; — ar; we have, for the N-
electron wavefunction W(r;):

V() — V(1) = N2U(ar,).

(i) If Voo = +Z,>/. r,.j‘1 is the electron—electron interaction operator and Vee[V] =

(V| Voo | W) show that Vee[W,] = a Vee[V].

(i) Show that p,(r) = o®p(ar).

[5 marks]

(b) The scaling relation derived above also holds for density functionals. Consequently
we can write it as Vee[pa] = aVeelp]. Since the exchange energy functional E,[p] is
part of Vee[p] it must also satisfy a similar scaling relation, that is, Ex[p.] = aEx[p].

(i) Assuming that E,[p] is a local functional of the density, that is

(i)
(i)

(iif)

Edlp] - / k(p(r)dr,

where k(p) is a function of p, use the scaling relation to show that k(p) = —Cyp*/?,
where Cy is a positive constant. This is called the Slater exchange functional.
Why do we define k(p) to be negative?

Hence derive the Slater exchange potential v,(r).

The asymptotic form of the density of a finite system is p — =", where S is a
constant. Use this result to show that in the (local) Slater approximation, v,(r)
decays exponentially with distance.

[10 marks]
Use an asymptotic analysis to show that the exact asymptotic form of the Kohn—
Sham exchange-correlation potential is v, — —1/r.

The correlation potential v, is known to be short-ranged, hence the above asymp-
totic form results from the exchange potential. l.e., vx — —1/r. Use this result
and the one derived in the previous part to show that local exchange density func-
tionals such as the Slater functional will contain a self interaction error. Explain in
detail the nature of this error and its consequences.

How might we correct the self-interaction error? Briefly describe possible tech-
niques and their shortcomings.

[10 marks]

Turn over
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Question 5
A semi-classical model for the dispersion (or van der Waals) interaction between two atoms
is the coupled Drude oscillator system. Here, we model each atom as a harmonic oscillator
with a central, fixed, positive charge Q about which a negative charge —Q oscillates on a
spring with spring constant k. The Hamiltonian for one such Drude atom is

2

h 1
H(osc) = ——V? + —kr?,
(0sc) = =3V +3

where r = (x, y, 2) is the distance vector of charge —Q from the fixed nucleus. In this
picture, a diatomic system is modelled with the Hamiltonian

H=H,+Hy,+V,

where H, and H, are the Drude oscillators of the form H(osc) and separated by distance
R, and V is the dipole—dipole interaction term given by

2

" 4re BB

(ZZaZb — XagXp — yayb)-

(@) (i) Use separation of variables to show that the Hamiltonian H can be split into
contributions from the x, y and z coordinates and hence find the eigenvalues of
this coupled oscillator system. Identify the ground state energy of this system.

(i) The dispersion energy is defined as the energy of stabilization due to the corre-
lation of dipolar fluctuations that arises from the interaction operator V. Expand
the ground state energy of the coupled system and show that the leading order
energy of stabilization decays as —Cs/R®. What is the coefficient Cg?

[15 marks]

(b) By relating the charge Q and spring constant k to the atomic polarizability o and by
setting iw = E;, the atomic ionization energy, show that Cg can be written in terms of
physically relevant parameters.

[5 marks]

(c) Using the above model for the dispersion interaction, explain why local and semi-local
density functionals are unable to describe this interaction at long-range. State a
possible way in which this deficiency of local and semi-local density functionals can
be fixed. What are the limitations (if any) of this fix.

[5 marks]
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End of questions
An appendix of one page follows

Turn over
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Appendix: physical constants

Speed of light in vacuum
Permittivity of free space
Permeability of free space
Electronic charge

Planck constant

Boltzmann constant
Electron mass
Avogadro number

Bohr magneton

c=29979 x 108 ms™!
€ =8.854 x 107"2Fm™'
fo =41 x107"Hm™'
e=1.6022x107"°C
h=6.626 x 1073 Js
h=h/2r =1.055 x 107**J s
ks = 1.3807 x 1072 J K™
m=9.109 x 10~ %' kg
Np = 6.022 x 10*® mol™’

ps =9.274 x 1072 A m? (ordT7)



